This paper focuses on the problem of impulsive synchronization of T-S fuzzy systems. A new synchronization criterion is derived for T-S fuzzy systems by utilizing the concept of average impulsive interval. The proposed impulsive control scheme has a simple control structure, and is theoretically and numerically proved to be less conservative than some existing results. The method is also illustrated by applying to Lorenz system, Rössler's system as well as permanent magnet synchronous motors system.
Introduction
It has been shown recently that fuzzy-logic is a successful control methodology, quite effective in controlling plants that are complex, uncertain and ill-defined, with well-developed qualitative design methods. T-S fuzzy model is a typical system proposed by Takagi and Sugeno [1] and Tanaki and Wang [2] . The main idea of T-S fuzzy model is to express the local dynamics of each fuzzy rule by a linear system model, and to express the overall system by fuzzy ''blending'' of the local linear system models. As a result, this model can utilize the well-established linear system theory to analyze and synthesize a highly nonlinear dynamic system.
The so-called parallel distributed compensation [2, 3] control design scheme emerged in which a linear feedback control was designed for each corresponding local linear model. The resulting overall controller, which is nonlinear in general, is also a fuzzy blending of each individual controller. Since chaotic systems are typically nonlinear ones, linear system theory can be easily used to analyze chaotic systems by means of T-S fuzzy models at a certain domain, and a vast literature about them has been obtained [4] [5] [6] [7] [8] . Many researches on the synchronization of fuzzy system have been carried out thereby based on the parallel distributed compensation scheme.
On the other hand, a number of papers have dealt with the theory of impulsive differential equations [6, 9, 10] , and its applications to many kinds of systems. Impulsive control strategy has been shown to be an effective control strategy in many fields, to stabilize linear and nonlinear systems, to synchronize two chaotic systems, or to drive the system to a limit cycle, which may be simpler to implement and involve cheaper control mechanisms, see [11] [12] [13] . In [14] , impulsive control approach based on interval Type-2 T-S fuzzy model has been presented for nonlinear systems. An impulsive sequence is said to be synchronizing if a corresponding impulsive effect can enhance the synchronization of T-S fuzzy systems, be desynchronizing if the impulsive effect can suppress the synchronization of T-S fuzzy systems. The synchronizing and desynchronizing impulses have been investigated in many papers. Some results usually use the upper bound of the impulsive intervals to guarantee the frequency of the impulsive sequence [15] [16] [17] [18] [19] [20] [21] [22] , or use identical impulsive interval in [23] , and some other results usually use the lower bound of the impulsive intervals to guarantee the frequency of the impulses' occurrence [18, 19] . Both of the requirements would lead to conservative results. Hence, it is highly desirable to find a new synchronization criterion of T-S fuzzy systems, which can obtain less conservative results with more accurate description about the occurrence of impulses.
In this paper, we derived a new synchronization criterion for T-S fuzzy systems about synchronizing impulses. Firstly, an impulsive control scheme for the synchronization based on T-S fuzzy model will be introduced which has the advantage of both fuzzy control and impulsive control, and a concept named average impulsive interval (see [24] ) will be used to describe the impulsive sequences. In fact, the concept of average impulsive interval is referring to the concept of average dwell time used in switched systems [25] [26] [27] [28] [29] , which can describe a wider range of impulsive signals. Based on this concept, As the constraints on the upper bound of the impulsive interval are removed, the results are much less conservative. Furthermore, the stable region of the average impulsive interval can be explicitly estimated. Some typical chaotic systems are considered as illustration to demonstrate that our results are less conservative and applicable to large-scale T-S fuzzy systems with a wider range of impulsive signals. Especially, the proposed impulsive control scheme is successfully applied to synchronize permanent magnet synchronous motors (PMSMs) systems which are widely used in low and mid power applications such as computer peripheral equipments, robotics, adjustable speed drives and electric vehicles since they have significant advantages for using permanent magnets to produce the air gap magnetic field rather than using electromagnets.
Preliminaries
The T-S fuzzy model is described by IF-THEN rules where the consequent parts represent local linear models for nonlinear systems. We can construct the T-S fuzzy model as follows see [2, 3, [6] [7] [8] Remark 2.1. T-S fuzzy models have the universal approximation property, for they can approximate arbitrary smooth nonlinear functions on any convex compact region [30, 31] . Moreover, T-S fuzzy-type controllers are universal controllers in the sense that there always exist a T-S fuzzy controller to stabilize a nonlinear system that can be stabilized by an approximately defined controller [32] . A typical way to control a nonlinear system via the T-S fuzzy-model approach can be summarized in two steps. Firstly, find a approximating T-S fuzzy model for the given nonlinear system. This model is based on a set of fuzzy IF-THEN rules in the form of local linear or affine models which are smoothly connected by fuzzy membership functions. For details, see [30] [31] [32] . Then, design a controller for the obtained T-S fuzzy model, see [4] [5] [6] [7] [8] in more detail. The basic idea is to designing a feed back controller for each local model and to construct a global controller from the local controllers in such a way that global stability of the closed-loop fuzzy control system is guaranteed. The main contribution in this paper is on the second step, where the concept of average impulsive interval is used to control the T-S fuzzy systems.
For _ x ¼ f ðt; xÞ, where t 2 J ¼ ½t 0 ; þ1Þðt 0 P 0Þ; x 2 R n is the state variable, and f : J Â R n ! R n is a continuous vector-valued
function. An impulsive control law is given by a sequence ft k ; Uðk; xÞÞg, which has the effect of suddenly changing the state of the system at the discrete instants t k , where
xðtÞ. In general, for simplicity, it is assumed that xðtÞ is left-hand continuous at t ¼ t k , i.e., xðt k Þ ¼ xðt À k Þ. Then, the impulsive controlled system can be expressed as follows:
which is also called an impulsive differential system. Similar to the construction of the controlled continuous system, if we choose the impulsive controller in the form of linear feedback, then the impulsive controlled fuzzy model can be expressed as follows:
where K i is the impulsive control gain matrics. Then the final output of the system is shown below: 
Since the impulsive effects are stabilizing, Definition 2.3 is presented to guarantee that the frequency of impulses is not too low. 
where N n ðT; tÞ denotes the number of impulsive times of the impulsive sequence n on the the interval ðt; TÞ.
Synchronization for impulsive T-S fuzzy system
Based on the impulsive control theme of the T-S fuzzy model proposed in Section 2, a unified globally exponential synchronization criterion for impulsive controlled T-S fuzzy model will be derived in this section. We will give some detailed discussions to verify that our obtained results are less conservative than the results in the literature. Suppose that the drive system is given by system (2) and the response system has the same premise variables as the drive system. Model Rule i: IF z 1 ðtÞ is M i1 and z p ðtÞ is M ip , THEN _ yðtÞ ¼ A i yðtÞ; t -t k ;
The final output of the response system is _ yðtÞ ¼ P r i¼1 h i ðzðtÞÞA i yðtÞ; t -t k ;
Let eðtÞ ¼ yðtÞ À xðtÞ, then from (2) and (9), the error system can be expressed as
Theorem 3.1. Let P be an nÂn symmetric and positive definite matrix, k max ðPÞ and k min ðPÞ be the largest and smallest eigenvalue of P, respectively. Let k K be the largest eigenvalue of all ðI þ 
then the equilibrium of the impulsive fuzzy system (10) is globally exponentially stable with convergence rate Àg=2, which implies that (2) and (9) are globally exponentially synchronized.
Proof. Consider a Lyapunov function in the form of VðtÞ ¼ eðtÞ T PeðtÞ, which yields that
When t 2 ðt kÀ1 ; t k ; k 2 N þ , the derivative of VðtÞ with respect to (10) is
Since (11) holds, we can obtain that _ VðtÞ 6 ae T ðtÞPeðtÞ ¼ aVðtÞ; t 2 ðt kÀ1 ;
which follows that:
On the other hand, when t ¼ t
It follows from (16) and (17) that for t 2 ðt 0 ; t 1 ; VðtÞ 6 Vðt
Þ be the number of impulsive times of the impulsive sequence n on the interval ðt 0 ; tÞ. Hence, for any t 2 R, we can obtain
Since the average impulsive interval of the impulsive sequence n ¼ ft 1 ; t 2 ; . . .g is less than T a , we have
According to the condition 0 < b < 1, it follows from (18) and (19) that
which implies from (13) that
Since g < 0, the equilibrium of the impulsive fuzzy system (10) is globally exponentially stable, which means (2) and (9) are synchronized. Theorem 3.1 is proved.
Remark 3.2. The presented criterion in Theorem 3.1 is compactly related to the system parameters, average impulsive interval, impulsive strength, and it can be judged without complex computation. Once A i ; K i , and P are given, we can calculate b ¼ kmaxðPÞ k min ðPÞ k K and calculate a from (11). Since 0 < b < 1, which means that the impulsive effects are stabilizing, the average impulsive interval of the impulsive signals should not be too long. Then the impulsive signals can be given such that T a satisfies T a < À ln b a according to (12) to derive the stability criterion. Thus, the stable region can be explicitly revealed and plotted.
Remark 3.3. From Theorem 3.1, it can be observed that the condition (12) is relevant with T a , but there is no strict requirement on the upper bound of the impulsive intervals of the impulsive sequence. Thus, the upper bound of the impulsive intervals can be arbitrarily large. One specific example in Example 4.1 for the impulsive sequence n ¼ f; 2; . . . ; ðN 0 À 1Þ; N 0 T a ; N 0 T a þ ; N 0 T a þ 2; . . . ; N 0 T a þ ðN 0 À 1Þ; 2N 0 T a ; . . .g, with 0 < < 1 sufficient small, N 0 > 0 very large and T a > fixed. Then it is easy to see that sup k2N þ ft k À t kÀ1 g ¼ N 0 ðT a À Þ þ while the average impulsive interval can be chosen not more than T a . Hence, if the positive integer N 0 is very large which will make sup k2N þ ft k À t kÀ1 g very large, and our results can still be applicable. However, most of the existing results do not hold under such circumstances. For example, in many results, sup k2N þ ft k À t kÀ1 g is required as a key factor in sufficient condition for stabilization or synchronization, see [15] [16] [17] [18] [19] [20] [21] [22] .
Especially, we can get the following corollary from Theorem 3.1. 
Then the equilibrium of the impulsive fuzzy system (10) is globally exponentially stable with rate Àd=2, which implies that (2) and (9) are globally exponentially synchronized.
Remark 3.5. From Corollary 3.4, the equilibrium of the impulsive fuzzy system (10) is globally exponentially stable if one of the following inequalities is satisfied:
A basic problem in the analysis and synthesis for such systems is to specify the maximal T a and herewith the admissible impulsive signals. In ðiÞ, if we reduce the value of k K , the stability of system can be ensured at the expense of decreasing k K . In other words, for a given k A , the system stability will be directly dependent on k K . Hence, the choice of matrix K i is important to the effect of proposed results. 
. Since T a 6 sup k2N þ ft k À t kÀ1 g, we can conclude that criterion (23) obtained by T a is less conservative than criterion obtained by sup k2N þ ft k À t kÀ1 g. We take the impulsive sequence n Ã in Example 4.2 for example. From Corollary 3.4, we only need the average impulsive interval less than T a ; T a < À ln k k k A by criterion (23), which is less conservative than sup k2N
with N 0 very large.
Numerical examples
In this section, two typical continuous chaotic systems are taken as examples to illustrate the synchronization scheme presented in the previous sections.
Example 4.1. We consider a Lorenz system [34] given by 
The chaotic behavior is show in Fig. 1 . Suppose the states of the impulsive controlled response system is Y ¼ ½y 1 y 2 y 3 T , then the final output of the response system is given as follows:
The maximal eigenvalue of A T 1 þ A 1 and A T 2 þ A 2 is 28.0512. Let K 1 = K 2 = diag (-0.9,0.9,0.9), then k K ¼ 0:01. We give a specific impulsive signal as n ¼ f; 2; . . . ; ðN 0 À 1Þ; N 0 T a ; N 0 T a þ ; N 0 T a þ 2; . . . ; N 0 T a þ ðN 0 À 1Þ; 2N 0 T a ; . . .g, where 0 < < T a , and N 0 is a positive integer. Then we can obtain that inf k2N
ðT a À Þ þ from the structure of the impulsive signal n. Let ¼ 0:1; N 0 ¼ 5, according to Corollary 3.4 and Remark 3.6, T a can be chosen such that
1642 to derive the synchronization criterion. Let T a ¼ 0:16, the impulsive synchronization errors of each state variable are shown in Fig. 2 . It should be noticed that sup k2N
Hence the results in [6, [15] [16] [17] [18] [19] [20] [21] [22] are not applicable in this example.
Example 4.2. We consider a Rössler's system given by
where a, b, c are the parameters. Assume that x 1 2 ½c À d; c þ d and d is a constant, and it can be presented by T-S fuzzy model as follows: 
0693. Therefore, the results in [15] [16] [17] [18] [19] [20] [21] [22] 35] can not be utilized here. The impulsive synchronization errors of Rössler's system are simulated in Fig. 4 . 
Fuzzy impulsive control of permanent magnet synchronous motors
Permanent magnet synchronous motors (PMSMs) are of great interest, particularly for industrial applications in the lowto-medium-power range, since they have desirable features such as compact structure, high air-gap flux density, high power density, high torque-to-inertia ratio, high torque capability and absence of rotor losses. Moreover, compared with induction motors, PMSMs have the advantages of higher efficiency [36] [37] [38] . PMSMs are experiencing chaotic behaviors with systemic parameters falling into a certain area or under certain working conditions. Chaotic behaviors of PMSMs can destroy the stabilization of the motor and even induce drive system collapse [39] . Thus, it is important to study the control method of chaos in PMSMs.
The chaotic mathematical model of smooth air gap PMSMs can be expressed in the following form [38, 39] :
where c and r are system parameters. We can consider that following the ith rules of the T-S fuzzy model for PMSMs: 
where K i is the impulsive control gain matrics. Then the final output of the system is shown below:
Suppose the states of the impulsive controlled response system is y ¼ ½y 1 y 2 y 3 T ,then the final output of the response system is given as follows:
Let eðtÞ ¼ yðtÞ À xðtÞ, then from (28) and (31), the error system can be expressed as
The impulsive signals can be given such that T a satisfies T a < À 
The chaotic behavior is show in Fig. 5 . We get the maximal eigenvalue of A 
Conclusion
In this paper, globally exponential synchronization of T-S fuzzy systems with impulsive control is studied. A new synchronization criterion is derived for T-S fuzzy systems by utilizing the concept of average impulsive interval. The proposed impulsive control scheme has a simple structure and less conservative. Lorenz system, Rössler's system and PMSMs system are taken as examples to illustrate the analytical results and their realizations in practical situation.
